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Abstract
In this note, we give a characterization for a pair of pseudoconvex domains in Cn, (D′,D), D′ ⊂ D
such that holomorphic functions on D′ can be approximated uniformly on compact sets by meromorphic
function on D. Explicit examples are also given.
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1. Introduction
Let D,D′ be pseudoconvex open subsets of Cn. We say that (D′,D) is a Runge pair if D′ ⊂ D
and if holomorphic functions on D′ can be approximated uniformly on compact sets by holomor-
phic function on D. The aim of this note is to investigate a weaker notion than the above. More
precisely, we say that (D,D′) is a weak Runge pair if holomorphic functions on D′ can be uni-
formly approximated on compact sets by quotients p/q, where p,q are holomorphic functions
on D. The first result of Section 2 is Theorem 2.1, an analogue of Theorem 4.3.3 in [5], where
Runge’s property is formulated in terms of holomorphic hulls relative to D and D′. In case D′
is relatively compact in D, using some results from [2], we can formulate this characterization
of weak Runge pair in terms of the existence of positive closed currents on D that vanish on an
arbitrary compact set of D′ but is strictly positive near ∂D′. Using Theorem 2.1, it is fairly easy
to check invariance of weak Runge pairs under proper holomorphic mappings. We conclude the
E-mail address: dieu_vn@yahoo.com.0022-247X/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2006.04.013
72 N.Q. Dieu / J. Math. Anal. Appl. 327 (2007) 71–78section by giving an equivalence between pseudoconvexity of a domain D and compactness of
meromorphic hulls of compact subsets of D.
The next section deals with the question of finding explicit examples of weak Runge pairs. It
follows easily from Theorem 2.1 that if every point of ∂D′ ∩D admits a holomorphic supporting
hypersurface (e.g., D \ D′ is a complex hypersurface) then (D′,D) is a weak Runge pair. We
show, among other things, that (D,Cn) is a weak Runge pair if D is a pseudoconvex Reinhardt
domain. The section concludes with the case where D \D′ is a closed complete pluripolar subset
of D. We are only able to show that for every compact K of D there exists a compact set K ′ ⊂ K
such that K \ K ′ has arbitrarily small measure and that holomorphic functions on D′ can be
approximated uniformly on K ′ by meromorphic functions on D. Finally, we present two open
problems connected to the results in the note.
2. A characterization of weak Runge pairs
We start off with a criterion of weak Runge pair.
Theorem 2.1. Let D,D′ be pseudoconvex domains in Cn, D′ ⊂ D. Then the following assertions
are equivalent:
(a) (D,D′) is a weak Runge pair.
(b) For every point a ∈ D ∩ ∂D′ and every compact subset K of D′, there exists a holomorphic
function f on D such that f (a) = 0, K ∩ {f = 0} = ∅.
If D′ is relatively compact in D then (a) (and hence (b)) is equivalent to:
(c) For every compact set K of D′, there exists a plurisubharmonic function u on D such that u
is C∞ smooth on a neighbourhood of D′, strictly plurisubharmonic on a neighbourhood of
∂D ∪ ∂D′, and pluriharmonic on a neighbourhood of K .
The proof relies on the following result which is analogous to the classical Oka–Weil theorem
(see [5, p. 55] or [7, p. 218]).
Lemma 2.2. Let D be a domain in Cn and K a compact subset of D satisfying rD(K) = K ,
where rD(K) is the meromorphic hull of K relative to D, i.e.,
rD(K) =
{
z ∈ D: f is holomorphic on D, {f = 0} ∩K 	= ∅ ⇒ f (z) = 0}.
Then every holomorphic functions on a neighbourhood of K can be approximated uniformly
on K by quotients p/q , where p,q are holomorphic on D.
Remark. It follows from the continuity that rD(K) is always closed in D. We will show at the
end of the section that if rD(K) compactly belongs to D for all compact subset K of D then D
must be pseudoconvex.
Proof of Lemma 2.2. This lemma is presumably well known, we give however a brief proof of it
since we have not been able to find it in the literature in this form. Using a compactness argument,
as in the proof of Lemma 2.7.4 in [5], we can find functions pi , 1 i m, holomorphic on D
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where
U = {z ∈ D: |z1| < a1, . . . , |zn| < an, an+1 < ∣∣p1(z)∣∣, . . . , |an+m| < ∣∣pm(z)∣∣}.
Consider the Oka map ϕ :U → Cm+n defined by
ϕ(z) = {z1, . . . , zn, an+1(z)/p1(z), . . . , am+n/pm(z)}.
Then ϕ(U) maps U biholomorphically onto a closed complex submanifold of the polydiscs
Δ := {z ∈ Cm+n: |z1| < a1, . . . , |zn| < an, |zn+1| < 1, . . . , |zm+n| < 1}.
By Cartan’s extension theorem, the function f˜ := f ◦ ϕ can be extended to a holomorphic func-
tion still denoted by f˜ on Δ. Observe that the partial sums fk of the power series expansion of
f˜ converge uniformly to f˜ on compact subsets of Δ. It follows that fk ◦ ϕ converges uniformly
to f on K . The desired conclusion follows. 
Proof of Theorem 2.1. (a) ⇒ (b). We let KˆD′ be the holomorphic hull of K relative to D′, i.e.,
KˆD′ =
{
z ∈ D′: ∣∣f (z)∣∣ ‖f ‖K for every function f holomorphic on D′}.
We claim that rD(K) ∩ D′ = KˆD′ . Indeed, assume that there is some point z0 ∈ (rD(K) ∩ D′) \
KˆD′ . Then we can find a holomorphic function f on D′ such that |f (z0)| > ‖f ‖K . Since (D′,D)
is a weak Runge pair, we can approximate f on K ∪ {z0} by quotients p/q , where p,q are holo-
morphic on D, q is zero-free on K ∪ {z0}. It follows that we can find such two functions p,q
with a := p(z0)/q(z0) > ‖p/q‖K. Set g = p− aq, clearly g(z0) = 0 and {g = 0} ∩K = ∅. This
contradicts z0 ∈ rD(K). Now assume that there is some point z0 ∈ rD(K) ∩ ∂D′ ∩ D. Then the
function equal to 1 on a small neighbourhood of a and 0 on a neighbourhood of rD(K) ∩ D′ is
holomorphic on a neighbourhood of rD(K). By Lemma 2.2, we conclude that f can be approxi-
mated uniformly on K ∪ {z0} by functions of the forms p/q , where p,q are holomorphic on D.
This implies that there are p,q holomorphic on D such that p(z0)/q(z0) > ‖p/q‖K. Reasoning
as above, we get a contradiction to the fact that z0 ∈ r(K). Thus r(K)∩ ∂D′ ∩D = ∅.
(b) ⇒ (a). Fix a compact subset K of D′. We have to show that holomorphic functions on D′
can be approximated uniformly on K by quotients p/q, where p,q are holomorphic on D and
q is zero-free on K . As D is pseudoconvex we infer rD(K) is compact since it is included
in KˆD, the holomorphic hull of K relative to D. Notice also that rD(K) ∩ ∂D′ ∩ D = ∅, there-
fore rD(K) = K1 ∪ K2, where K1,K2 are compact subsets of D′ and D \ D′, respectively. By
applying Lemma 2.2 to the function equal 0 on a neighbourhood of K1 and 1 on a neighbour-
hood of K2, we find p, q holomorphic on D, q is zero-free on K1 ∪K2 such that |p/q|K1 < 1/3,
but |p(z)/q(z)| > 1/2 for all z ∈ K2. Observe that K ⊂ K1 so we must have K2 = ∅. Therefore
rD(K) is a compact subset of D′. The desired implication now follows from Lemma 2.2.
Next, assume that D′ is relatively compact in D, we will show that (b) ⇒ (c). For a given point
x ∈ ∂D′, we can find a holomorphic function f on D such that f (x) = 0 but f is zero-free on K .
By adding to f suitable polynomials of degree 1, we get n holomorphic functions f1, . . . , fn
on D which give local coordinates at x, and fi(x) = 0, fi is zero-free on a neighbourhood of K
for all 1 i  n. Set
vε =
n∑(
log |fj | ∗ ρε
)
,j=1
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ball and whose integral is equal to 1. Let ρ be a C∞ smooth, strictly plurisubharmonic exhaus-
tion function for D. Choose c > 0 large enough such that D′  {ρ < c}. It is well known that
for ε small enough, vε is C∞ smooth plurisubharmonic on a neighbourhood U of Dc, since
log |fj | is pluriharmonic on a neighbourhood of K , we conclude that vε is pluriharmonic on a
neighbourhood of K . Moreover, since f1, . . . , fn are local coordinates at x, we have v is strictly
plurisubharmonic on a small neighbourhood of x for ε > 0 small enough. The above argument
is of course borrowed from [2]. Next, let V be a neighbourhood of Dc that compactly belongs
to U . Denote
A1 = inf
Dc
vε > ∞, A2 = sup
∂V
vε, A3 = inf
∂V
ρc > 0,
where ρc = max(ρ − c,0). Then the function
ρ′ = 2A2 −A1
A3
ρc +A1
is smaller than vε on Dc and greater than vε on ∂V . Hence the function vx equal to max(ρ′, vε)
on V and to ρ′ on D \ V is plurisubharmonic on D. Moreover, vx = vε on Dc and vx is strictly
plurisubharmonic on a neighbourhood of ∂D. Using compactness of ∂D′, we can sum up the
local functions vx to get the desired function u. Finally, assume (c) holds. Fix a compact sub-
set K of D′ and a ∈ ∂D′. Choose a plurisubharmonic function ϕ on D such that ϕ is strictly
plurisubharmonic on a neighbourhood of ∂D ∪ ∂D′, but ϕ is pluriharmonic on a neighbourhood
of K . Then by applying Theorem 1.1 in [2], we can find a holomorphic function f on D such
that f (a) = 0, {f = 0} ∩K = ∅.
The theorem is completely proved. 
Proposition 2.3. Let D1,D2 be pseudoconvex domains in Cn and (D′1,D1) a weak Runge pair.
Assume that there exists a proper holomorphic mapping π :D1 → D2 such that π(D1) = D2.
Then (π(D′1),D2) is a weak Runge pair.
Proof. Fix a compact subset K of π(D′1) and a point a ∈ ∂(π(D′1))∩D2. Set K ′ = π−1(K) and
A = π−1(a). Since (D′1,D1) is a weak Runge pair and A consists of a finite number of points, by
Theorem 2.1 we can find a holomorphic function f on D1 such that f |A ≡ 0 and f is nowhere
vanishing on K ′. Let S be the branching locus of π and m the multiplicity of π . Set
f˜ (z) =
∏
π(ξ)=z
f (ξ),
where the product is taken with multiplicity. Observe that outside the complex subvariety π(S),
the function f˜ is locally the product of m holomorphic functions. Thus f˜ is holomorphic on
D2 \ π(S). On the other hand, since f is proper we have
lim
ξ→z, ξ∈D2\π(S)
f˜ (ξ) = f˜ (z).
It follows that f˜ is in fact holomorphic on D2. Clearly f˜ (a) = 0 and f˜ is nowhere vanishing
on K . An application of Theorem 2.1 yields the desired conclusion. 
The last result of the section is
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(i) rD(K) is a compact subset of D for every compact subset K of D.
(ii) D is pseudoconvex.
Proof. (ii) ⇒ (i). By the solution to the Levi problem (see [5, Theorem 4.2.8] or [7, Theo-
rem 6.1.7]) we have D is holomorphically convex. It follows that rD(K) is compact since it is
included in KˆD the holomorphic hull of K relative to D.
(i) ⇒ (ii). Assume that D is not pseudoconvex. According to Theorem 2.5.8 in [7], we can
find a Hartog’s figure (Γ ∗, Γˆ ∗) in Cn such that Γ ∗ ⊂ D, Γˆ ∗ ∩ ∂D 	= ∅. Recall that the pair
(Γ ∗, Γˆ ∗) is called a Hartog’s figure if there exists a biholomorphic mapping F from the standard
Hartog’s frame (Γ, Γˆ ) to Cn such that Γ ∗ = F(Γ ), Γˆ ∗ = F(Γˆ ), where
Γ = {z ∈ Cn: zj = 0 for 1 j < n, |zn| 1}
∪ {z ∈ Cn: zj = 0 for 1 j < n− 1, |zn−1| 1, |zn| = 1},
Γˆ = {z ∈ Cn: zj = 0 for j < n− 1, |zn−1| 1, |zn| 1}.
Let a ∈ Γˆ ∗ ∩ D, we claim that a ∈ rD(Γ ∗). Indeed, let f be a holomorphic function on D
satisfying f (a) = 0. If f is nowhere vanishing on Γ ∗ then 1/f is holomorphic on Γ ∗. Thus, by
Lemma 2.2.2 in [7], there exists a holomorphic function g on Γˆ ∗ such that g = 1/f on Γ ∗. This
implies that fg ≡ 1 on Γˆ ∗. This is absurd since f (a) = 0. The claim follows. Thus rD(Γ ∗) is
not a compact subset of D. The proof is complete. 
3. Examples of weak Runge pairs
Proposition 3.1. Let D,D′ be pseudoconvex domains in Cn, D′ ⊂ D. Then (D′,D) is a weak
Runge pair if one of the following conditions is satisfied:
(a) E := D \D′ is a complex hypersurface defined by a holomorphic function f on D.
(b) D = Cn and D′ is Reinhardt.
(c) D = Cn and D′ is a weakly linearly convex, i.e., there exists an affine complex hyperplane
Π such that a ∈ Π ⊂ Cn \D′ for every a ∈ ∂D′.
Proof. (a) follows from Theorem 2.1, since the complex hypersurface {f = 0} avoids D′ and
contains every point of E.
(b) This result may be deduced from earlier results taken in [4, pp. 71–76]. We will give,
however, another proof since it looks simpler. Recall that D′ is Reinhardt if (z1, . . . , zn) ∈ D ⇒
(eiθ1z1, . . . , eiθnzn) ∈ D′, for all (θ1, . . . , θn) ∈ Rn. Let A be a subset of {1, . . . , n} such that
D′ ∩ {zi = 0} = ∅ if and only if i ∈A. Since D′ is pseudoconvex Reinhardt, by a classical result
in [8], we have log∗(D′) is a convex domain in Rn, where
log∗(D′) =
{(
log |z1|, . . . , log |zn|
)
: (z1, . . . , zn) ∈ D′, zi 	= 0, ∀i
}
.
Furthermore, if (z1, . . . , zn) ∈ D′ then (z′1, . . . , z′n) ∈ D′, where z′i = zi if i ∈ A and z′i = 0 oth-
erwise. Fix a point a = (a1, . . . , an) ∈ ∂D′ and a compact set K of D. In view of Theorem 2.1,
it suffices to show that there exists a complex hypersurface passing through a and avoiding K .
Case 1. ai = 0 for all i. If there is some i such that {zi = 0}∩D′ = ∅ then we are done. Otherwise
{zi = 0} ∩D′ 	= ∅ for all i. It follows that 0 ∈ D′, which is absurd.
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that ai = 1 for 1  i  m and ai = 0 for m + 1  i  n. By the same reasoning as in Case 1,
we need only consider the case where {zi = 0} ∩ D′ 	= ∅ for all m + 1  i  n. Let π be the
projection π : Cn → Cm defined by
π(z1, . . . , zn) = (z1, . . . , zn).
We claim that π(a) = (1, . . . ,1) ∈ ∂(π(D′)). If not, then π(a) ∈ π(D′). This implies that a ∈ D′.
A contradiction. The claim follows. Therefore, we can find a real hyperplane H in Rm defined
by α1x1 + · · · + αmxm = 0 such that a′ ∈ H and K ′ ∩H = ∅, where a′ = (0, . . . ,0) and
K ′ = {(log |z1|, . . . , log |zm|): (z1, . . . , zm) ∈ π(K)}.
Since K ′ is compact, by perturbing αi , we may assume that αi are integers (not necessarily
positive). Moreover, by changing coordinates, we may assume that αi  0 for 1  i  k and
αi < 0 for k < i m. Let p be the polynomial defined by
p(z1, . . . , zn) =
{
z
α1
1 · · · zαkk − zαk+1k+1 · · · zαmm , 1 k <m,
z
α1
1 · · · zαmm − 1, k = m.
Then the complex hypersurface face {p(z) = 0} passes through a and avoids K . The proof is
thereby completed.
(c) follows directly from Theorem 2.1. For more background on weakly linearly convex do-
mains, the reader may consult Section 4.6 of [6]. 
Remarks.
(a) Proposition 3.1(a) follows also from a more delicate result of Chirka in [1]. More precisely,
Chirka shows that every holomorphic function on the complement of a complex hypersurface
in a pseudoconvex domain, can be expanded into a generalized Laurent series with poles
along the complex hypersurface.
(b) It is tempting to generalize Proposition 3.1(a) to the case where E is a closed complete
pluripolar subset of D, i.e., there exists a plurisubharmonic function ϕ on D such that
ϕ(z) = −∞ precisely when z ∈ E. Unfortunately, we only obtain a partial result.
Proposition 3.2. Let D be a pseudoconvex domain in Cn and E be a closed complete pluripolar
subset of D. Then for every compact K of D \ E, every z0 ∈ K , and every ε > 0 we can find a
compact subset K ′ of K , such that the following assertions hold:
(a) z0 ∈ K ′ ⊂ K , λ(K \K ′) < ε, where λ denotes the Lebesgue measure in Cn.
(b) Every holomorphic function f on D \E can be approximated uniformly on K ′ by quotients
p/q where p,q are holomorphic on D and q is zero-free on K ′.
We need the following lemma which is of independent interest.
Lemma 3.3. Let D,E be as in Proposition 3.2. Then for every relatively compact subdomain
G of D, every compact set K ⊂ G \ E, every z0 ∈ K and every ε > 0, there exist a constant
0 < δ < 1, a sequence of holomorphic functions {pm} on D and a sequence of positive integers
am  1 that satisfy:
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(ii) infz∈K ′ 1am |pm(z)| > log δ, supG∩E 1am log |pm|− logm.
Proof. Since E is closed complete pluripolar in D, according to Corollary 2.2 in [9] we can find
a plurisubharmonic function ϕ on D such that eϕ is continuous on D and ϕ = −∞ precisely
on E. Using an approximation theorem of Fornaess and Narasimhan (see [3, Theorem 5.5]) we
get a sequence of C∞ smooth strictly plurisubharmonic functions ϕm on D such that ϕm ↓ ϕ
on D. Set
α = inf
K
ϕ − 1 > −∞.
By passing to a subsequence we may achieve that
ϕm(z)− log(m+ 1) ∀z ∈ D′ ∩E.
Next by the proof of Theorem 4.2.13 in [6] we get a sequence {pj,m} of holomorphic functions
on D and a sequence {aj,m} of positive integers such that: the sequence 1aj,m log |pj,m| is locally
uniformly upper bounded,
1
aj,m
log |pj,m| → ϕm in L1loc(D)
and
lim
j→∞
1
aj,m
log
∣∣pj,m(z0)∣∣= ϕm(z0).
Using Hartog’s lemma we deduce that for every m 1 there is jm so large that
‖pjm,m‖G∩E  (1/m)ajm,m,
∣∣pjm,m(z0)∣∣> e−ajm,m(|α|+2/ε),
and ∫
K
∣∣∣∣ 1ajm,m log |pjm,m| − ϕ
∣∣∣∣dλ < 1m2 .
For m 1 we set
Am =
{
z ∈ K: 1
ajm,m
log
∣∣pjm,m(z)∣∣< −|α| − 2/ε
}
.
It follows that λ(Am) < ε2m2 , ∀m 1. Thus we have
λ
( ⋃
m1
Am
)

∑
m1
λ(Am) < ε.
Set K ′ := K \ (⋃Am), then λ(K ′) > λ(K)− ε. Obviously we also have
1
ajm,m
log
∣∣pjm,m(z)∣∣−|α| − 2/ε, ∀m 1, ∀z ∈ K ′.
The proof is accomplished by setting δ = e−|α|−2/ε , am = ajm,m, pm = pjm,m. 
Proof of Proposition 3.2. Choose G  D such that K ⊂ G and (G,D) is a Runge pair. Let
{aj }j1 be a countable dense subset of G∩E. By Lemma 3.3, for each j , we can find a compact
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that fj (aj ) = 0 but fj is zero-free on Kj . Since (G,D) is a Runge pair, we may assume that
fj is holomorphic on D. Thus aj /∈ rD(K) for every j . Set K ′ =⋂Kj . Then K ′ is a compact
subset of K,z0 ∈ K ′ and λ(K \ K ′) < ε. Moreover, {aj }j1 ⊂ D \ rD(K ′). Since the sequence
{aj } is dense in G ∩ E, we apply Lemma 3.3 to conclude that G ∩ E ∩ rD(K ′) = ∅. Thus
E ∩ rD(K ′) = ∅. The desired conclusion follows from Theorem 2.1. 
4. Open problems
Let D,D′ be pseudoconvex domains in Cn such that D′ ⊂ D.
Question 1. Is (D′,D) a weak Runge pair if D \D′ is complete pluripolar?
Question 2. Is (D′,D) a weak Runge pair if for every a ∈ ∂D′ ∩D there exist a neighbourhood
U of a, a holomorphic function f on D such that f (a) = 0, {f = 0} ∩D′ ∩U = ∅?
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